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Abstract: Vacuum polarization is a part of the initial-state radiative correction for the cross-section of e+e−
annihilation processes. In the energy region in the vicinity of narrow resonances J/ψ and ψ(3686), the vacuum
polarization contribution from the resonant component has a significant effect on the line-shape of the lepton pair
production cross-section. This paper discusses some basic concepts and describes an analytical calculation of the
cross-section of e+e−→ γ∗/ψ→ µ+µ− considering the single and double vacuum polarization effect of the virtual
photon propagator. Moreover, it presents some numerical comparisons with the traditional treatments.
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1 Introduction
In quantum field theory, tree-level Feynman diagrams represent a basic process of elementary particles reaction
from the initial state to the final state, and the corresponding lowest order cross-section with order α2 is called Born
cross-section. For accurate calculation, the contribution of higher level Feynman diagrams needs to be considered.
Among all the reactions in e+e− annihilation, e+e−→ e+e− and µ+µ− are the two simplest quantum electro-
dynamics (QED) processes. Calculations of the unpolarized e+e− → e+e− and µ+µ− cross-sections to order α3
(O(α) ∼ 1%) correction were studied decades ago[1–4]. Typically, radiative correction includes vertex correction,
electron self-energy, vacuum polarization (virtual photon self-energy), and bremsstrahlung [5].
For perturbative calculations up to order α3, the radiative correction terms are the interferences between the tree
level and higher level (one-loop) Feynman diagrams. In the references mentioned above, all the radiative correction
terms were treated as small quantities owing to the extra factor, α, compared to that in the tree-level terms. Such
approximations for the QED correction and non-resonant quantum chromodynamics (QCD) hadronic correction are
reasonable. However, for the energy regions in the vicinity of narrow resonances, such as charmonium J/ψ and
ψ(3686), the contribution of the resonant component of the vacuum polarization (VP) correction is neither a small
quantity nor a smooth function of energy. This implies that the energy dependence of the VP correction factor has
a significant influence on the line shape of the total cross-section. Therefore, the VP correction in the vicinity of
narrow resonances has to be treated appropriately.
The radiative correction of process e+e−→µ+µ− includes the initial-state and final-state corrections. The final-
state radiative (FSR) correction is much smaller than the initial-state radiative (ISR) correction owing to the mass
relation, me≪mµ[6]. The FSR correction can be neglected if one dose not require very high accuracy. In addition,
the contributions of the two-photon-exchange diagrams and asymmetry of e± and µ± are less important. In this
work, only the ISR correction of the process, e+e−→µ+µ−, is considered to keep the discussion succinct, and the
discussions only concentrate on the VP correction. The calculations for other correction terms follow the expressions
given in the related references[7, 8].
The calculations of the resonant cross-section and VP correction need the bare value of the electron width of the
resonance, but the value cited in the particle data group (PDG) is the experimental electron width, which absorbs
the VP effect[9, 10]. Therefore, another motivation of this work is attempt to provide a scheme for extracting the
bare electron widths of resonances J/ψ and ψ(3686) by fitting the measured cross-section of e+e−→µ+µ− and then
obtain the value of the Born-level Breit–Wigner cross-section.
The basic properties of a resonance with JPC=1−− is characterized by its three bare parameters: nominal mass
M , electron width Γe, and total width Γ . The values of the resonant parameters can be predicted by the potential
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2model[11], but the theoretical uncertainties are difficult to estimate. A reliable method for obtaining accurate values
of the resonant parameters is to fit the measured leptonic cross section[12, 13] or hadronic cross section[14] in the
vicinity of these resonances. Extracting the bare values from experimental data can provide useful information to
decide the theories and models.
The bare values of the resonant parameters are the input quantities for the calculation of ISR factor 1+δ(s) in the
measurement of the R value, which is defined as the lowest level hadronic cross-section normalized by the theoretical
µ+µ− production cross-section in e+e− annihilation[15, 16]. In fact, the total hadronic cross-section is measured with
the experimental data:
σtotex (s)=
Nhad
Lǫ
, (1)
where Nhad is the number of hadronic events, L is the integrated luminosity of the data samples, ǫ is the detection
efficiency for e+e−→ hadrons determined by the Monte Carlo method, and s is the square of the center-of-mass
energy of initial state e+e−. However, the quantity of interest in physics is Born cross-section σ0ex(s), which is related
to σtotex (s) by ISR factor 1+δ(s) as follows:
σ0ex(s)=
σtotex (s)
1+δ(s)
, (2)
and R value is measured:
R=
σ0ex(s)
σ0µµ(s)
=
Nhad
σ0µµLǫ[1+δ(s)]
, σ0µµ(s)=
4πα2
3s
. (3)
ISR factor 1+δ(s) indicates the fraction of all the high-order Feynman diagram contributions to the Born cross-section,
which is a theoretical quantity by definition:
1+δ(s)≡σ
tot(s)
σ0(s)
, (4)
where σ0(s) and σtot(s) are the theoretical Born cross-section and total cross-section, respectively. The accurate
calculation of 1+δ(s) is a key factor for obtaining the R value from the measured σtotex (s). The calculation of σ
tot(s)
needs the values of σ0(s′) from s′=4m2pi to s as inputs. If the correlation between the continuum and resonant states
can be neglected, the hadronic Born cross-section can be written as:
σ0(s)=σ0con(s)+σ
0
res(s), (5)
where σ0con(s)=σ
0
µµ(s)R˜(s), R˜(s) is the R value from which the resonant contribution has been subtracted. Generally,
the Born-level resonant cross-section is expressed in the Breit–Wigner form:
σ0res(s)=
12πΓeΓ
(s−M 2)2+M 2Γ 2 , (6)
where the resonant parameters (M,Γe,Γ ) must be bare quantities. The value of the electron width cited in the PDG
is, in fact, the experimental value of Γ exe , which absorbs the VP effect, but uses the same notation, Γe, as the bare
one. If the users directly use the dressed value of Γ exe as the bare one, Γe, in Eq. (6), then the value of 1+δ(s)
calculated by Eq. (4) is incorrect. In this regard,
σ˜res(s)=
12πΓ exe Γ
(s−M 2)2+M 2Γ 2 6=σ
0
res(s), (7)
and
σtot(s)
σ0con(s)+σ˜res(s)
6=1+δ(s). (8)
Obviously, the obtained value from the left-hand-side of Eq. (8) is VP double deducted. Even if a user notices that
the Γ exe cited in the PDG is a dressed value, he does not know how to extract the bare value, Γe, from Γ
ex
e . If a user
uses the value of Γe predicted by the theoretical model, then it becomes difficult to control the uncertainty of Γe.
Some models, for example, the potential model introduced in reference[11], do not provide the theoretical uncertainty
of Γe. Therefore, extracting Γe from the data is necessary for the R value measurement.
The discussion in the following sections will be concentrated on the VP correction of σtot(s) for the process,
e+e−→µ+µ−. The outline of this paper is as follows: In section 2, the related Born cross-sections are presented. In
section 3, the VP correction to the virtual photon propagator described in text books and references is reviewed. In
section 4, the experimental lepton width with different conventions is reviewed. In section 5, the properties of the
3VP-modified Born cross-section are discussed and the line-shapes are shown graphically. In section 6, the analytical
expressions of the total cross-section of e+e−→µ+µ− with single and double VP corrections are deduced, and the
numerical results are presented. Section 7 presents some discussions and comments.
2 Born cross-section
In the energy region containing resonance ψ, final state µ+µ− can be produced in the e+e− annihilation via two
channels:
e+e−⇒
{
γ∗
ψ
}
⇒ µ+µ−.
The mode via virtual photon γ∗ is the direct electromagnetic production, and another mode is the electromagnetic de-
cay of intermediate on-shell resonance ψ. The tree-level Feynman diagram for this process is the coherent summation
of the two diagrams in Fig. 1:
+e
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Fig. 1. Tree-level Feynman diagrams for processes e+e−→µ+µ− via modes γ∗ (left) and ψ (right). Charge e at the
vertex expresses the coupling strength between a lepton and photon.
Virtual photon propagator γ∗ is unobservable in the experiment, and its role is transferring the electromagnetic
interaction between e+e− and µ+µ−. Intermediate resonance ψ is a real particle, which is a cc¯-bound state with
well-defined mass, life-time, spin, and parity JPC =1−−. Resonances J/ψ and ψ(3686) are identified with the 1S
and 1P levels of the charmonium family predicted by the potential model[11]. Unstable J/ψ and ψ will decay into
different final states via five modes[17]; here, only electromagnetic decay ψ→µ+µ− is discussed.
2.1 Cross-section of e+e−→γ∗→µ+µ−
Channel e+e−→ γ∗→ µ+µ− is a pure QED process, which corresponds to the left diagram in Fig.1, and the
expression of the Born cross-section can be found in any QED text book[5]:
σ0γ∗(s)=
4πα2
3s
. (9)
2.2 Cross-section of e+e−→ψ→µ+µ−
The channel via intermediate resonance ψ corresponds to the right diagram in Fig. 1, which concerns the pro-
duction and decay of ψ. This section will provide some description about this mode.
In general, the wavefunction of time for an unstable particle is expressed as a plane wave with a damping
amplitude:
Ψ(t) = θ(t)Ψ(0)·eiωt·e−t/2τ
= θ(t)|Ψ(0)|·eiδ·e−it(M−iΓ/2), (10)
where θ(t) is a step-function of time, Ψ(0) is the wave function at origin t=0, ω is the circular frequency, τ is the
life-time, and δ is the intrinsic phase angle of Ψ(0). Here, the relations of mass M=ω and total decay width Γ=1/τ
in natural unit ~=c=1 are used. For a free particle, its parameters are bare quantities.
Performing the Fourier transformation on t for Ψ(t), the amplitude of an unstable particle is transformed to
nonrelativistic wavefunction of energy W :
T (W )=
∫ +∞
−∞
Ψ(t)·eiWtdt= i|ψ(0)|e
iδ
(W−M)+iΓ/2 , (11)
where the following formula is used: ∫
∞
0
e−ptdt=
1
p
, (Re p>0). (12)
4Origin wavefunction Ψ(0) can be determined from the normalization condition and production cross-section[5]. Con-
sidering a distinct production and decay process with initial state e+e− and final state f , the corresponding nonrel-
ativistic amplitude is[18]:
Tf (W )=
i
√
Γe·Γfeiδ
(W−M)+iΓ/2 , (13)
where Γe and Γf are the bare electronic and final state widths. For final state µ
+µ−, Γf=Γµ. The lepton universality
implies Γe=Γµ under limit m
2
l /s→0.
The relativistic amplitude can be obtained easily by adopting the physics picture of the Dirac sea. Dirac considered
that an antiparticle corresponded to a hole with same mass M but with negative energy state −W in the Dirac sea.
Therefore, the relativistic amplitude, which includes particle–antiparticle, is:
Tf (W ) =
i
√
Γe·Γfeiδ
(W−M)+iΓ/2+
i
√
Γe·Γfeiδ
(−W−M)+iΓ/2
=
i
√
Γe·Γf (2M−iΓ )eiδ
W 2−M 2+Γ 2/4+iΓM
≈ i2M
√
ΓeΓfe
iδ
W 2−M 2+iΓM . (14)
For narrow resonances J/ψ and ψ(3686), the value of Γ is assumed much smaller than M and the energy dependence
of the total width can be neglected, i.e., Γ is treated as a constant.
The Born cross-section for the resonant mode corresponding to the right diagram in Fig.1 is generally written in
the Breit–Wigner form:
σ0ψ(s)=
4πα2
3s
|ABW|2, ABW= Fre
iδ
∆+ir
, (15)
where the following notations are used:
∆ =
s−M 2
M 2
=t−1, t= s
M 2
, (16)
r =
Γ
M
, (17)
F =
3
√
sΓeΓf
αΓM
=
3
α
√
tBeBf . (18)
Combination parameter F ensures Eq. (15) provides the accurate Breit–Wigner cross-section.
Starting with the Van Royen–Weisskopf formula, Γe can be expressed by the following formula[17, 19, 20]:
Γe=
16
3
πα2e2cNc
|R(0)|2
M 2
(
1−16αs
3π
)
, (19)
where ec=2/3 is the charge of the charm quark in units of electron charge e, Nc=3 is the number of colors, αs is
the strong coupling constant evaluated at s=M 2, and R(0) is the radial wavefunction of R(t) at origin t=0. Some
phenomenological models can provide a rough estimation for the value of R(0), but its accurate value has to be
extracted based on the measurements of Γe and Γf .
2.3 Total Born cross-section
The total production amplitude of µ+µ− should be a coherent summation of the two channels:
Aeff=1+Fre
iδ
∆+ir
. (20)
The total Born cross-section can be written as:
σ0(s)=
4πα2
3s
|Aeff |2. (21)
In practical evaluations, the parameter values in the Breit–Wigner cross-section typically adopt the experimental
values published in the PDG, which contain the radiative effect[10, 18]. However, the interesting values in physics
are the bare ones. The following sections will deduce the total cross-section formula for e+e−→ γ∗/ψ→µ+µ−, in
5which all the parameters are bare quantities. Based on this formula, the bare parameter values can be extracted by
fitting the measured cross-section.
3 Vacuum polarization correction
From the viewpoint of quantum field theory, two charged particles interact by exchanging quanta of the electro-
magnetic field, which corresponds to the virtual photon propagator between the two charges. The VP effect modifies
the photon propagator, which is equivalent to a change in the coupling strength between two charges. In the
one-particle-irreducible (1PI) chain approximation, an infinite series of 1PI diagrams is summed, and the photon
propagator is modified by the VP correction in following manner [5]:
γ∗ :
−igµν
q2
−→ γ˜∗ : −igµν
q2[1−Π(q2)] , (22)
where gµν is the metric tensor and Π(q
2) is the VP function. For the e+e− annihilation process, q2=s. Eq. (22) can
be expressed graphically as the bare propagator, γ∗, is modified to be the full propagator, γ˜∗:
*γ *γ∼
Fig. 2. Bare propagator γ∗ is replaced by full propagator γ˜∗ with the VP correction.
The original algorithm of Π(s) is an infinite integral of fermion-loops (leptons and quarks) in the four-momentum
space. The integral for the QED lepton-loops (e+e−, µ+µ−, τ+τ−) can be calculated perturbatively according to
the Feynman rules[5, 21]. The divergence of the infinite integral is canceled by electric charge renormalization
e0→
√
Z3e0 = e, where e0 is the bare electric charge in the original Lagrangian, e is the physical charge, and the
renormalization constant is
Z3≡ 1
1−Π(0) , (Π(0)→∞). (23)
The remaining finite part of Π(s) is Πˆ(s)=Π(s)−Π(0), which is used to define running coupling constant α(s) to the
leading order:
α(s)=
e20/4π
1−Π(s)=
α
1−[Π(s)−Π(0)]≡
α
1−Πˆ(s) . (24)
This formula expresses an important physics characteristic: finite part Πˆ(s) in Eq. (24) is not the entire VP function;
infinite part Π(0) is absorbed into the definition of physical charge e.
After the charge renormalization, the effect of the VP correction can be explained as bare charge e0 is redefined
as physical charge e and simultaneously fine-structure constant α is replaced by effective energy-dependent running
coupling factor α(s). Therefore, finite part 1−Πˆ(s) of the VP factor should be combined with α to yield effective
running constant α(s). Thus, α and 1−Πˆ(s) should not be separated in the physical explanations and practical
calculations.
In one-photon exchange and chain approximation, the finite part of VP function Πˆ(s) can be expressed as the
summation of all of fermion-loop contributions[7, 8, 10]:
Πˆ(s)=
∑
[Πll¯(s)+Πqq¯(s)], (25)
where ll¯= e−e+,µ−µ+,τ−τ+, and qq¯=uu¯, dd¯, ss¯, cc¯, bb¯, tt¯. The QED terms of the lepton-loops can be calculated
analytically[5, 21]. However, for the QCD quark-loops, analytic calculations cannot be used owing to the strong
nonperturbative interaction. The solution for this issue is to use the optical theorem and dispersion relation[22, 23].
The optical theorem relates the imaginary part of the QCD component of the photon self-energy to the inclusive
hadronic Born cross-section[23]:
ImΠqq¯(s)=
s
4πα
σ0had(s). (26)
The dispersion relation relates the QCD contribution of the VP function to the integral of the imaginary part of the
VP function about the quark-loops:
Πqq¯(s)=
s
π
∫
∞
0
ImΠqq¯(s
′)
s′(s′−s−iǫ)ds
′. (27)
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Fig. 3. Energy dependence of α(s) around J/ψ (left) and ψ(3686) (right).
Inserting Eq. (26) in Eq. (27), the nonperturbative QCD VP term can be calculated using the hadronic cross-section,
Πqq¯(s)=
s
4π2α
∫
∞
0
σ0had(s
′)
s′−s−iǫds
′. (28)
If the interference between the inclusive continuum and resonant hadronic states can be neglected, the contribution
of the quark-loops can be written as:
Πqq¯(s)=Πcon(s)+Πres(s). (29)
Πcon(s) can be calculated by the numerical integral:
Πcon(s)=
α
3π
∫
∞
0
R˜(s′)
s′−s−iǫds
′. (30)
Generally, R˜(s) uses experimental values below 5 GeV[15, 24, 25], whereas R˜(s) adopts the perturbative QCD (pQCD)
prediction above 5 GeV.
Πres(s) includes all the contributions of the resonances with J
PC = 1−−. If the interference between different
resonances having the same decay final states are neglected for simplicity, resonant cross-section σ0res(s) can be
written as the summation of the Breit–Wigner cross-sections:
σ0res(s)=
∑
j
12πΓejΓj
(s−M 2j )2+M 2j Γ 2j
, (j=ρ,ω...ψ...), (31)
and the final analytical result is:
Πres(s) =
s
4π2α
∫
∞
0
σ0res(s
′)
s′−s−iǫds
′
=
∑
j
3s
α
Γej
Mj
1
s−M 2j+iMjΓj
. (32)
In the vicinity of J/ψ and ψ(3686), their overlap can be neglected and only one resonance needs to be consid-
ered. However, in higher charmonia regions, wide ψ(4040), ψ(4160) and ψ(4415) overlap significantly, and all their
contributions and interference effects should be included[14].
Figure 3 exhibits the energy dependence of running coupling constant α(s) expressed by Eq. (24) around reso-
nances J/ψ and ψ(3686). The resonant shape of α(s) is due to the virtual VP effect, instead of the real resonance
produced.
It should be noticed that in experiment measurements, there is no strict partition between the continuum and
resonant states, as expressed in Eq. (5). For example, observed final state π+π− may be direct production e+e−→
π+π− or via intermediate mode e+e−→ ρ0→ π+π−. Therefore, Eqs. (5) and (29) are only roughly divided for
simplicity.
It should be stressed that the dispersion relation and optical theorem merely provide a practical algorithm for
calculating QCD nonperturbative VP function Πqq¯(s), which does not provide extra physics explanation. However,
the procedures for calculating Πqq¯(s) from the dispersion relation and optical theorem may be misleading. Some users
considered that cross-sections σ0con(s) and σ
0
res(s) in the expressions of Πqq¯(s) imply that the VP effect also produces
7real continuum and resonant hadronic states in the virtual photon propagator. In fact, the fermion-loop integral of
the VP function is the virtual quantum fluctuation by its definition, and it does not have characteristic quantum
numbers (such as, mass, spin, parities), which are necessary for any real particle. A real physics state must be able
to be measured in detectors, but the fermion-loops with infinite four-momentum fluctuations in the VP cannot be
observed.
In general, the Born cross-sections of the γ∗ mode and intermediate ψ mode are proportional to α2. Considering
the VP effect, running coupling constant α(s) leads to an additional energy-dependence of the cross-section. Moreover,
for the energy region around J/ψ and ψ(3686), the value of Πres(s) is very sensitive to s, Γe, and Γ , which implies
that the bare values of Γe and Γ will influence the line-shape of e
+e−→γ∗/ψ→µ+µ− significantly.
4 Effective leptonic width
In most references, the value of the electron width in the Breit–Wigner cross section adopts experimental partial
width Γ exe (which is represented as Γe in the PDG without declaring), with the VP effect being absorbed into the
electron width. There are two different conventions for Γ exe .
In reference [9], the experimental electron width is defined as:
Γ exe =
Γe
|1−Πˆ(M 2)|2 , (33)
where the entire VP function is absorbed in Γ exe . In reference [10], the following definition is adopted:
Γ exe =
Γe
|1−Πˆ0(M 2)|2
, Πˆ0(s)=ΠˆQED(s)+ΠˆQCD(s). (34)
This convention implies that electron width Γ exe absorbs the contribution of the non-resonant components only,
whereas the resonant component of the VP correction is absorbed in parameters M and Γ , introducing dressed
values M˜ and Γ˜ . Thus, M˜ and Γ˜ deviate the original physical relevance of the mass and total width (life-time). The
conventions in Eqs. (33) and (34) are not equivalent for Γ exe . It is important to clarify which convention is adopted
for the appropriate application of Γ exe cited in the PDG.
It is seen from the discussion in the above section, it is not necessary to introduce quantity Γ exe in the expression
of the cross-section if α is replaced by α(s). The following sections will discuss this in more detail. Using α(s) to
replace α can keep the bare value Γe in the analysis, which is more natural for understanding the VP effect than
introducing Γ exe . However, if bare value Γe is measured using the scheme proposed in this paper, one may obtain
Γ exe by the definition in Eq. (33) or Eq. (34) and extract radial wave function R(0) according to Eq. (19).
5 VP-modified Born cross-section
From the viewpoint of Feynman diagrams, the VP correction modifies the photon propagator, which can be
understood from another perspective: the VP effect modifies fine structure constant α to running coupling constant
α(s). In this section, the single and double VP effects will be discussed and their differences will be compared
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numerically.
The VP-corrected total Born cross-section is:
σ˜0(s)=
σ0(s)
|1−Πˆ(s)|2 =
σ0γ∗(s)+σ
0
ψ(s)
|1−Πˆ(s)|2 . (35)
The next two sections will discuss the effect of VP on σ0γ∗(s) and σ
0
ψ(s), respectively.
5.1 VP-modified cross-section of γ∗ channel
Born cross-section σ0γ∗(s) of γ
∗ channel expressed in Eq. (9) is a smooth function of the energy. When the VP
correction is applied to it,
σ0γ∗(s) → σ˜0γ∗(s)=
σ0γ∗(s)
|1−Πˆ(s)|2 =
4πα2(s)
3s
. (36)
Figure 4 shows the line-shapes of σ0γ∗(s) given in Eq. (9) and of σ˜
0
γ∗(s) in Eq. (36). The line-shape of σ
0
γ∗(s) is
smooth for s, and σ˜0γ∗(s) gives the obvious resonant structure. Clearly, the resonant structure of σ˜
0
γ∗(s) is owing
to the VP effect or the sensitive energy-dependence of α(s) in the vicinity of ψ, and σ˜0γ∗(s)< σ
0
γ∗(s) for s <M
2,
σ˜0γ∗(s)>σ
0
γ∗(s) for s>M
2. Thus, the resonant shape of the γ∗ channel cross-section does not imply that real resonant
state J/ψ or ψ(3686) is produced but that resonant component Πres(s) affects the VP function. In the vicinities of
narrow resonances, both Born cross-section σ0(s) expressed in Eq. (21) and VP function Πˆ(s) are sensitive to energy.
Therefore, the energy dependence of effective cross-section σ˜0(s) is not only determined by σ0(s) but also by Πres(s)
or α(s).
5.2 VP-modified cross-section of ψ channel
Generally, the cross-section of a resonance is expressed in the Breit–Wigner form. If the value of the electron width
adopts bare value Γe, the effective Breit–Wigner cross-section is modified by the VP correction. The reference [9]
adopted the convention defined by Eq. (33), which corresponds to the VP effect-modified Breit–Wigner cross-section:
σ˜0ψ(s)=
σ0ψ(s)
|1−Πˆ(M 2)|2 . (37)
The numerator and denominator in Eq. (37) are evaluated at different energy scales; the numerator is evaluated at
s, and the denominator is evaluated at peak M 2. It is inappropriate to make line-shape scan measurements in the
vicinity of J/ψ and ψ(3686) because most energy points si deviate from peak value M
2. In fact, a more natural VP
correction for Breit–Wigner cross-section σ0ψ(s) should be
σ˜0ψ(s)=
σ0ψ(s)
|1−Πˆ(s)|2 , (38)
which corresponds to the convention:
Γ exe (s)=
Γe
|1−Πˆ(s)|2 , (39)
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Fig. 7. Line-shape of σ0(s) by Eq. (21) (dashed line) and σ˜0(s) expressed by Eq. (42) (solid line) in the vicinity of
J/ψ (left) and ψ(3686) (right).
which according to Eq. (19) and Eq. (24 requires VP effect-modified Γe to be energy-dependent:
Γe→Γ˜e(s)= 16
3
π[α(s)]2e2cNc
|R(0)|2
M 2
(
1−16αs
3π
)
. (40)
Figure 5 shows the line-shape comparison of σ0ψ(s) defined in Eq. (15) and σ˜
0
ψ(s) defined in Eq. (37) and Eq. (38)
for J/ψ and ψ(3686), respectively. In the calculations for Fig.5, M and Γ adopt the PDG values, whereas Γe uses
theoretical values Γe=4.8 keV for J/ψ and Γe=2.1 keV for ψ(3686)[26]. The difference in the line-shapes based
on Eqs. (15) and (37) is small. The peak positions of σ0ψ(s) and σ˜
0
ψ(s) defined by Eq. (37) are the same, and the
relative difference in their cross-sections at the peak is approximately 6% for both J/ψ and ψ(3686). The shift in
the peak positions between σ0ψ(s) and σ˜
0
ψ(s) defined by Eq. (38) is approximately 1.0 Mev and 0.4 MeV, and the
relative difference in their cross-section at the peak is approximately 31% and 3% for J/ψ and ψ(3686), respectively.
J/ψ is narrower than ψ(3686), and thus, the shift in the vicinity of J/ψ is much larger than that near ψ(3686). The
line-shape of the VP-modified Breit–Wigner cross-section adopting Eq. (37) and Eq. (38) is different. It is clear that
adopting Eq. (38) is reasonable, and it is consistent with the VP correction to the γ∗ channel, see Eq. (36).
5.3 Single VP correction case
The Feynman diagram with a single VP correction is shown in Fig. 6, where e at the vertex is the electron charge,
which represents the coupling strength between the leptons (e± or µ±) and photon (γ∗). The grey bubble represents
the VP correction in the 1PI approximation, and the hollow oval represents resonance ψ. For the ψ channel in
the Feynman diagram in Fig. 6, only the virtual photon propagator between the initial e+e− and intermediary ψ is
corrected by the VP. There is no VP correction for the virtual photon between ψ and final state µ+µ−, which is same
as the traditional treatment, i.e., only a single VP correction is considered for the ψ channel.
+e
-e
e
*γ∼
+µ
-µ
+e
+e
-e
e
*γ∼ ψ *γ
+µ
-µ
e
Fig. 6. Feynman diagram with a single VP correction.
A coherent amplitude is given by sum of two diagrams:
A˜eff∼ 1
1−Πˆ(s) (1+
Freiδ
∆+ir
). (41)
Considering the VP effect and that the electromagnetic coupling strength still expresses as α, the Born cross-section
is modified as the following expression:
σ0(s)→σ˜0(s)= 4πα
2
3s
|A˜eff |2= σ
0(s)
|1−Πˆ(s)|2 , (42)
where σ0(s) is given by Eq. (21). The energy dependence of σ0(s) and σ˜0(s) in the vicinity of J/ψ and ψ(3686)
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Fig. 10. (color online) Line-shape of σ0(s) (dashed line) and σ˜0(s) expressed in Eq. (45) and Eq. (46) (solid line) in
the vicinity of J/ψ (left) and ψ(3686) (right).
is displayed in Fig. 7. It is clear that the VP correction or equivalent α(s) distorts the line-shape of the original
resonant structure of σ0(s).
The Feynman diagram with a single VP correction in Fig. 6 can also be replotted as Fig. 8 equivalently, which
has the same topological structure as the tree level in Fig. 1. The black-dot at the vertex is effective running electron
charge:
e2(s)=
e2
|1−Πˆ(s)| . (43)
+e
-e
e(s)
*γ
+µ
-µ
+e(s)
+e
-e
e(s)
*γ ψ *γ
+µ
-µ
e
Fig. 8. Equivalent Feynman diagram of Fig. 6. The single VP correction is absorbed into effective electric charge
e(s) defined in Eq. (43).
For the right Feynman diagram of channel e+e−→ψ→µ+µ− in Fig. 6 or Fig. 8, coupling strength of three-line
vertex e+e−γ∗ is e(s) corresponding to α(s), and for µ+µ−γ∗, it is e corresponding to α:
α=
e2
4π
, and α(s)=
e2(s)
4π
. (44)
5.4 Double VP correction case
In the quantum field theory, processes e+e−→µ+µ− and µ+µ−→e+e− should be invariant under time reversal
T⇄−T , and both processes have the same cross-section if masses me and mµ can be neglected compared to energy√
s. However, the right Feynman diagrams in Fig. 6 and Fig. 8 violate this basic requirement. This issue can be
simply solved by the double VP correction.
Resonant channel e+e− → ψ→ µ+µ− has two independent virtual photons, one is between e+e− and ψ, and
another is between ψ and µ+µ−. According to the Feynman rule and ISR correction principle, each independent
virtual photon propagator will be modified by a single VP correction factor, and the two VP factors cannot be
combined into one. A Feynman diagram with time reversal symmetry can be plotted as Fig. 9.
+e
-e
e
*γ∼
+µ
-µ
+e
+e
-e
e
*γ∼ ψ *γ∼
+µ
-µ
e
Fig. 9. Feynman diagram with double VP correction.
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Fig. 12. (color online) Line-shapes of σ0(s) (dashed line) and σtot(s) for single VP correction (solid line) in the
vicinity of J/ψ (left) and ψ(3686) (right).
The coherent amplitude for the Feynman diagram, as shown in Fig. 9, after the contraction of the Lorentz indices
of the virtual photons γ∗ and intermediary vector meson ψ, can be written as:
A˜eff∼ 1
1−Πˆ(s)+
1
1−Πˆ(s)
Freiδ
∆+ir
1
1−Πˆ(s) , (45)
and the corresponding cross-section is:
σ˜0(s)=
4πα2
3s
|A˜eff |2. (46)
Figure 10 presents the line-shape comparison of σ0(s) expressed in Eq. (21) and σ˜0(s) in Eq. (46).
Comparing Figs. 7 and 10, the single and double VP correction lead to different line-shapes for the cross-section.
This issue will yield different results when extracting the resonant parameters from experimental data.
The Feynman diagram in Fig. 9 with double VP correction can be replotted equivalently as Fig. 11, which is
symmetrical for the two time-reversal leptonic processes:
e+e− ⇄ γ∗/ψ ⇄ µ+µ−. (47)
The tree-level Feynman diagrams in Fig. 1 and double VP-corrected equivalent diagram in Fig. 11 have the same
topology, but the coupling vertexes possess different coupling strengths e and e(s), respectively.
+e
-e
e(s)
*γ
+µ
-µ
+e(s)
+e
-e
e(s)
*γ ψ *γ
+µ
-µ
e(s)
Fig. 11. Equivalent Feynman diagram with double VP correction; the black spots represent effective charge e(s)
defined by Eq. (43).
6 Total cross-section
The Born cross-section corresponding to the tree-level Feynman diagram reflects the basic property of an ele-
mentary particle reaction process, which is interesting in physics. However, in experiments, the measured property
is the total cross-section. In this section, the general form of the total cross-section for e+e−→µ+µ− is given first.
Subsequently, the analytical expression of the total cross-section is deduced for the cases of single and double VP
corrections, and they are compared numerically.
6.1 General form
In the Feynman diagram scheme, the total cross-section up to order O(α3) can be written as[7, 8]:
σtot(s)=(1−xβm+δvert)σ˜0(s)+
∫ xm
0
dxH(x;s)σ˜0(s′), (48)
12
Ecm (GeV)
3.094 3.095 3.096 3.097 3.098 3.099 3.1
to
t
σ
 
a
n
d 
0
σ
-210
-110
1
10
210
310
410
510
Ecm (GeV)
3.68 3.682 3.684 3.686 3.688 3.69
to
t
σ
 
a
n
d 
0
σ
1
10
210
Fig. 13. (color online) Line-shapes of σ0(s) (dashed line) and σtot(s) for double VP correction (solid line) in the
vicinity of J/ψ (left) and ψ(3686) (right).
Ecm (GeV)
3.094 3.095 3.096 3.097 3.098 3.099 3.1
to
t
σ
 
a
n
d 
0
σ
-510
-410
-310
-210
-110
1
10
210
310
410
510
610
Ecm (GeV)
3.68 3.682 3.684 3.686 3.688 3.69
to
t
σ
 
a
n
d 
0
σ
-110
1
10
210
310
Fig. 14. (color online) Line-shapes of σ0(s) (dashed line), single (dot-dashed line), and double (solid line) VP-
modified σ˜0(s) in the vicinity of J/ψ (left) and ψ(3686) (right).
where x≡Eγ/
√
s is the energy fraction carried by a Bremsstrahlung photon, xm=1−4m2µ/s is the maximum energy
fraction of the radiative photon, s′=(1−x)s is the effective square of the center-of-mass energy of the final µ+µ− pair
after radiation, δvert is the vertex correction factor, and the radiative function is:
H(x;s)=β
xβ
x
(
1−x+x
2
2
)
, β=
2α
π
(
ln
s
m2e
−1
)
. (49)
In principle, the integral in Eq. (48) can be calculated using a numerical method. However, in the application
for narrow resonances J/ψ and ψ(3686) scan experiment, the e± beam energy spread effect must be considered. The
effect total cross-section that matches the experiment data is:
σtotth (s0)=
∫
dsG(s;s0)σ
tot(s), (50)
where G(s;s0) is the Gaussian function representing the energy spread distribution of the initial e
± beams and
√
s0
is the nominal center-of-energy of e±. Eq. (50) is a two-dimensional integral in variables x and s. Integral Eq. (50)
contains Eq. (48) and the outer integral in s about energy spread has to be calculated numerically. However, the
inner integral in Eq. (48) of x can be evaluated analytically. The analytical calculation in Eq. (48) can save much
CPU time and achieve high numerical accuracy.
In the following sections, the analytical expression of integral Eq. (48) is deduced for the two cases of single and
double VP corrections, and total cross-section σtot(s) is evaluated using the analytical results.
6.2 Analytical calculation for single VP
If the initial e± radiates a photon with energy fraction x, the notations in Eqs. (16) and (32) are changed:
∆⇒∆(x)=(1−x)t−1, (51)
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Πres(s)⇒Πres(x;s)=h 1−x
∆(x)+ir
. (52)
The Born cross-section with VP correction is:
σ0(s)⇒σ˜0(x;s)= 4πα
2
3s
1
1−x ·
U(x)
V (x)
, (53)
where the quadratic polynomials have the forms:
U(x) = u2x
2+u1x+u0, (54)
V (x) = v2x
2+v1x+v0. (55)
The integrand in Eq. (48) has the following polynomial form:
H(x)σ˜0(x;s)=
4πα2
3s
β
xβ
x
[
1
1−x
4∑
n=0
wnx
n+
1
V (x)
5∑
n=0
dnx
n
]
, (56)
where coefficients ui, vi, wn, and dn are the combinations of known constants and resonant parameters. The integral
of Eq. (48) can be performed analytically. The results of the analytical integrals of σtot(s) are shown in Fig. 12, and
the line-shape of σ0(s) is plotted to exhibit the effect of the ISR correction.
6.3 Analytical calculation for double VP
The integrand of Eq. (48) for the double VP correction can be expressed as the following elementary function:
H(x)σ˜0(x;s) =
4πα2
3s
β
xβ
x
[
1
1−x
4∑
n=0
pnx
n+
1
V (x)
5∑
n=0
qnx
n+
1
V 2(x)
5∑
n=0
rnx
n
]
, (57)
where coefficients pn, qn, and rn are the combinations of known constants and resonant parameters. The integral of
Eq. (48) can be performed analytically, and the analytical results are displayed in Fig. 13.
7 Discussions
This work discusses two issues: (1) treating the VP correction of the γ∗ channel and ψ channel by a natural and
consistent scheme; (2) comparing the cross-sections of e+e−→γ∗/ψ→µ+µ− evaluated by the single and double VP
corrections schemes.
The tree-level Feynman diagram in Fig. 1 for e+e−→γ∗/ψ→µ+µ− is the coherent summation of the γ∗ channel
and ψ channel. The VP-modified Born cross-section is given in Eq. (46), the γ∗ channel is modified by a single VP
factor, and the ψ channel is modified by double VP factors.
Figure 14 exhibits the comparison of original Born cross-section σ0(s) and single and double VP-modified Born
cross-sections σ˜0(s) in the vicinity of J/ψ and ψ(3686). The line-shapes of σ˜0(s) for the single and double VP
corrections are significantly different.
Reference [10] discusses the VP-modified Born cross-section of process e+e−→µ+µ−, where the tree-level Feynman
diagram is only a continuum γ∗ channel and there is no resonant ψ channel. In fact, this is the case discussed in
section 5.1 in this paper. The VP-modified Born cross-section in reference [10] is same as expressed in Eq. (36) in
our paper. Eq. (36) is a very concise and natural expression, and it is easy to understand in physics. Reference
[10] made a skillful mathematic identical transformation to VP correction, where the full factor of 1/(1−Πˆ) was
divided to two terms: the term with 1/(1−Π0) explained as the continuum amplitude, and term Π˜res/(1−Π0)2 as
the resonant amplitude. In this explanation, only non-resonant component Π0 is viewed as the VP correction factor,
whereas resonant component Π˜res is viewed as the resonant amplitude. Thus, the original one-continuum channel
is transformed into two channels, which implies that a pure identical transformation in mathematics leads to a new
physics picture. Resonant amplitude Π˜res contains non-resonant components Π0 of Πˆ in the following form:
Π˜res(s)=
3Γe
α
s
M
1
s−M˜ 2+iM˜Γ˜ , (58)
where mass M˜ and width Γ˜ are called dressed values:
M˜ 2=M 2+
3Γe
α
s
M
Re
1
1−Π0 , (59)
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M˜Γ˜=MΓ−3Γe
α
s
M
Im
1
1−Π0 . (60)
Therefore, the value of Γ exe defined with convention Eq. (34) cannot be adopted all alone because Π0 is only a
partial VP correction and not the full one, Πˆ. In this case, Γ exe must be used together with M˜ and Γ˜ for completeness
and consistency. It is noticed that only Γe is present in initial state e
+e− in the numerator of Eq. (58) and that there
is no Γf for the appointed final state, µ
+µ−. If Π˜res can be interpreted as the resonant amplitude of e
+e−→ψ→µ+µ−,
why it cannot be for the other final states, such as e+e−, τ+τ− or hadrons? In fact, the true resonant amplitude is
written in the Breit–Wigner form in Eq. (14). The VP effect is the quantum fluctuation of vacuum, and it does not
refer to any final state. Convention Eq. (34) and the explanation in [10] convert a simple and clear problem as a
complex and an obscure one. However, the convention in Eq. (33) is clear and natural.
The bare resonant parameters (M,Γ,Γe,δ) are the basic quantities in the Breit–Wigner formula, and they charac-
terize the main properties of a resonance. The values of these parameters can be estimated from phenomenological
potential models [26, 27]. However, their accurate values have to be measured by fitting the experimental data.
Generally, the cross-section directly measured in experiments is the total cross-section, which includes all the
radiative effects. To extract the bare resonant parameters from the measured cross-section correctly, an appropriate
treatment of the ISR correction is crucial.
As seen in the previous sections, the value of the total cross-section, σtotth (s), depends on the VP correction scheme,
and it is also the function of the resonant parameters. ISR correction factor 1+δ is a theoretical quantity defined in
Eq. (4), and it affects the Born cross-section according to Eq. (2).
The values of the resonant parameters of J/ψ and ψ(3686) can be extracted by fitting the measured cross-section
in the line-shape scan experiment based on the least square method:
χ2=
n∑
i=1
[σtotex (si)−σtotth (si)]2
∆2i
, (61)
where σtotex can be measured using Eq. (1) and ∆i is the uncertainty of σ
tot
ex (si) at energy point si. The optimized
values of (M,Γ,Γe,δ) correspond to the optimized minimum of χ
2.
When the value of Γe is extracted, one may obtain Γ
ex
e by any convention, but it is not necessary in physics and
nor in experiments. Γe connects to original radial wave function R(0) of cc¯ bound state ψ according to Eq. (19). The
value of Γe can deduce the value of R(0) and can test potential models. Γe can be used to calculate the correct ISR
factor in the R measurement.
It is expected that if the values of the resonant parameters (M,Γ,Γe,δ) are extracted using the scheme proposed
in this paper, the results will not be the same as in previous measurements. Therefore, which scheme is reasonable
should be determined by experiments and further studies.
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